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Abstract 

In this note we study some properties of infinite percolation clusters on non- 
amenable graphs. In particular, we study the percolative properties of the com- 
plement of infinite percolation clusters. An approach based on mass-transport is 
adapted to show that for a large class of non-amenable graphs, the graph obtained 
by removing each site contained in an infinite percolation cluster has critical per- 
colation threshold which can be arbitrarily close to the critical threshold for the 
original graph, almost surely, as p J, pc- Closely related is the self-destructive perco- 
lation process, introduced by J. van den Berg and R. Brouwer, for which we prove 
that an infinite cluster emerges for any small reinforcement. 

1 Introduction 

In this note we consider Bernoulli site percolation and a variant thereof, self-destructive 
percolation, on transitive unimodular non-amenable graphs. In the self-destructive pro- 
cess, one starts with a supercritical Bernoulli configuration of open sites on an infinite 
transitive graph G = {V, E), with parameter p G (0, 1). Next all sites that belong to an 
infinite open cluster are declared closed. In the final step, the configuration, at this point 
consisting only of finite open clusters, is reinforced by an independent Bernoulli config- 
uration with parameter 6 > 0. Thus each site is given an extra chance to become open. 
The main question one asks is whether this last reinforcement step creates infinite open 
clusters. By means of essential enhancements as introduced in |AG91] . it is easily seen 
that for every p G (0, 1) there exists some S strictly smaller than the critical probability 
Pc{G) for percolation on G, such that an infinite open cluster reappears. The challenge 
instead is to prove that also arbitrarily small 6 may be sufficient to create infinite open 
clusters for some p > Pc{G). We will below prove that this is indeed the case if G is 
non-amenable (see Theorem [2]). At the same time we emphasize that van den Berg and 
Brouwer |dBB04] conjectured that self-destructive percolation on the square lattice does 
not possess this property. 
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Further properties of the self-destructive percolation process were earlier studied on 
planar lattices, such as the 7? lattice and the binary tree T^, also in jdBBVOS] and 
[dBdLOQj . Motivation to study the self-destructive process was found in an observed 
relation to forest fire models. However, working with the self-destructive process leads 
one to very detailed questions regarding infinite percolation clusters. In particular, one 
is led to understand how much damage the removal of the infinite clusters may cause, 
and first of all, if the removal causes any essential damage at all. In order to be a bit 
more precise, let cUp denote a Bernoulli site percolation configuration at intensity and 
write C°°(a;p) for the set of points in contained in an infinite cluster. In the case of 
the usual cubic lattices we conjecture the following. 

Conjecture 1. Assume d > 3. For any 6 > there is po > pd'Z^'^) such that if pc{'L'^) < 
p < Po, then 

Pe(Z^) < Pc{^'^ \ < Pci^'^) + almost surely. 

One of our main results states that the latter part of the above conjecture is true 
in the non-amenable setting (see Theorem [3]). The results we present are based on an 
approach using mass-transport, and follows the lines of [BLPS99] . Results analogous 
to the ones presented here have in parallel been obtained for the hyper-cubic lattice in 
sufficiently high dimensions, and are presented in |ADCKST3] . 



2 Notation and results 

Throughout the text, we let G = {V, E) be an infinite, locally finite, connected graph with 
edge set E and vertex set V . A graph automorphism for G is a bijective map f : V ^ V 
such that f{u) and f{v) are connected by an edge if and only if u and v are. Let Aut(G) 
denote the group of graph automorphisms on G. G is said to be transitive if for any 
u,v & V there is a graph automorphism mapping u to v. A transitive graph G is said to 
be unimodular if there exists a closed subgroup H of Aut(G') such that for every u,v & V 

\StahH{u)v\ = \StabH{v)u\, 

where Stab//(ti) = {h E H : hu = u}. Loosely speaking, a graph is transitive if it 'looks 
the same' from each vertex, and is unimodular if for each pair u and u , the number of 
vertices that 'looks the same' as u seen from v equals the number of vertices 'looking the 
same' as v seen from u. In particular, Cayley graphs are transitive and unimodular. We 
will in this paper only consider transitive and unimodular graphs. Finally, we define the 
concept of amenability. Known as the (vertex- )isoperimetric constant, let 

where the infimum is taken over all finite subsets of V and the boundary dyW is the set 
of sites in W which has a neighbour in y \ W . G is said to be amenable if Ky{G) = 0, 
and non-amenable otherwise. 

We are concerned with site percolation on G, which refers to a probability measure 
on {0, 1}^. It is natural to identify site percolation configurations u G {0, 1}^ and 
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subgraphs of G induced by subsets of V . Hence, a site percolation on G is likewise a 
probability measure on subgraphs of G. The site percolation which includes each site 
independently with equal probability is known as Bernoulli percolation. For any u (ZV , 
let G°°{uj) C oj denote the set of vertices belonging to an infinite cluster, and let A^(a;) 
denote the number of infinite clusters in u. We recall next the commonly used notation 
of pc = Pc{G) for the critical probability for Bernoulli (site) percolation on G, and the 
threshold Pu = Pu{G) G [pc, 1] for the existence of a unique infinite cluster. It is further 
known that uniqueness is monotone for transitive graphs, that is, there is an almost surely 
unique infinite cluster for all p G 1]. For percolation on the Z*^ lattice it is known that 
Pc = Pu, but there exists more exotic graphs for which Pc < Pu- A distinguishing factor in 
this context is the notion of amenability. More precisely, Benjamini and Schramm [BS96j 
have conjectured that for infinite connected transitive graphs, pc < Pu if and only if the 
graph is non-amenable. 

Assign independent uniformly distributed random variables on [0, 1] to the vertices 
of G. Declare a site p-open if its value is at most p, and let Up denote the set of p-open 
vertices. Clearly, ifp < q, then a p-open site is also g-open, and Up is Bernoulli distributed 
with intensity p. In particular, this provides a simultaneous coupling of Bernoulli site 
percolation for all p G [0,1]. Let (a;j,)pg[o,i] and (wp)pg[o,i] be two independent Bernoulh 
configurations obtained in this way. The dependent site percolation process known as 
self- destructive percolation with parameters p and 5 in [0, 1] is on G defined as 

:= {up\G^iUp))Uus- 

(A more precise notation would be ^{ojp,oJs), but we prefer 5) for simplicity.) In 
words, a configuration is obtained from a ]?-Bernoulli configuration from which all infinite 
clusters have been removed, but then reinforced by an independent Bernoulli configura- 
tion of intensity 6. Since Up may contain infinite clusters only for p > pc, the model is 
reduced to regular Bernoulli percolation for lower values of p. Due to ergodicity it is clear 
that the probability of 6) containing an infinite cluster is either or 1. For fixed p, 
define the critical reinforcement threshold Sc{p) as 

S^(p) = 5c{p,G) := mi{6 > : N{^{p,6)) > 1 almost surely}. 

In |dBB04j it was conjectured that Sc{p) > c > for all p > p^ on the square lattice, 
and an extensive discussion in support of this conjecture was presented. In contrast, they 
proved that Sc{p) as p \ pc for the binary tree. Our first result extends the latter 
result to a wider class of non-amenable transitive graphs. 

Theorem 2. Suppose G is a transitive unimodular non-amenable graph. Then, for every 
6 > there exists p > pc such that $(p, 6) almost surely percolates, i.e., 

lim Scip) = 0. 

P\Pc 

Theorem [2] will be deduced from Proposition [S] below. Complementary to Theorem 
there is more to be said about the structure of ujp^s\C°° i^^p) and the percolative properties 
of the graph G \ G°°{up). The following will be derived also from Proposition [51 
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Theorem 3. Suppose G is a transitive unimodular non-amenable graph. For every 6 > 0, 
there is p > Pc{G) such that 

Pc{G \ C°°{ujp)) < Pc{G) + 5, almost surely. 

A more precise version of the uniqueness monotonicity property (mentioned above) 
states that aU infinite clusters are born simuhaneously, in the sense that for any p2 > 
Pi > Pc, every infinite cluster in cUpj contains an infinite cluster of Wp^, almost surely. 
This was obtained in increasing generality by |Ale95] . |HP99j . and |HPS99] . We contrast 
their result by proving that in the non-amenable setting, infinite clusters are born in the 
supercritical regime in another sense; Namely that ojpj \ C°°(cjpJ may contain infinite 
clusters. 

Theorem 4. Suppose G is a transitive unimodular non-amenable graph. For every 5 > 0, 
there exists p > Pc such that Up^+s \ G°°{ujp) contains an infinite cluster, almost surely. 

Statements analogous to Theorem [21 [3], and H] hold also for bond percolation. 

3 Proofs 

In this section, we give proofs to the above stated theorems. They will all be based on the 
following proposition, whose proof will follow closely the proof in jBLPS99] showing that 
on transitive unimodular non-amenable graphs, there is no infinite cluster at criticality. 
Call a probability measure /i on subsets of V Aut(G) -invariant iiuj dV being distributed 
according to /i implies that g{u)) has distribution for each g G Aut(G'). 

Proposition 5. Suppose G is a transitive unimodular non-amenable graph and that p > 
Pc. Suppose that (r„)„>i is a sequence of Aut{G) -invariant site percolations on G, with 
the property that lim„_^ooP[o £ Tn] = 0. Then there is some N < oo (depending on p 
and on the law of {Tn)n>i) such that 

V[N{ujp \ r„) > 1] > for n>N. 

Observe that if (r„)„>i fulfils the requirements of Proposition then the invariance 
property and a union bound implies that for any finite K G V, 

lim p[r„n 0] = 0. (1) 

n— >oo 

Theorem |2l [3] and H] are easily and analogously deduced from Proposition [5l based on 
the fact from |BLPS99] that transitive unimodular non-amenable graphs have no infinite 
cluster at criticality. However, note also that for all p > Pc and 6 > 

{up^UCjs)\C°^iup)c<^{p,6). 

Thus, Theorem [2] follows readily from Theorem |H Also Theorem [3] is easily derived from 
Theorem |U for which reason we will only present a proof of the latter. 
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Proof of Theorem^ from Proposition\^ From Theorem 1.1 of jBLPS99] and Corollary 1.3 
in |HP99] . we know that for any transitive unimodular non-amenable graph 

lim P[o G C°°(a;p)] = 0. 

P\Pc 

Moreover, the law of C'^{uOp) is invariant under Aut(G'). Hence, since ojp^+s is supercrit- 
ical. Proposition |5] shows that there is some po > Vc such that 0;^^+^ \ C°°{Up^-) contains 
infinite clusters with positive probability. By ergodicity, infinite clusters has to be con- 
tained in ujp^j^s \ C°°(a;po) with probability 1. □ 

Although similar to the proof of Theorem 1.1 of |BLPS99] . we sketch the proof of 
Proposition for completeness. The main tool therein is the mass transport principle, 
and unimodularity is assumed for that purpose. The proof will be divided into two cases, 
depending on whether p is in the regime of a unique or of multiple infinite clusters. We 
remark that in the case that pc < Pu, it suffices to consider the case of infinitely many 
infinite clusters. Indeed, this is conjectured to be the case for all transitive non-amenable 
graphs. 

The proof for the regime of infinitely many infinite clusters will indirectly assume 
non-amenability in the following sense: There is at most one infinite cluster for Bernoulli 
percolation on a connected, transitive and amenable graph almost surely, due to the 
argument of Burton and Keane |BK89] . In the regime of a unique infinite cluster, the proof 
will use the following characteristic feature of non-amenable graphs found in |BLPS99] . 

Lemma 6. Let G be a transitive unimodular non-amenable graph. There exists 9 = 
0{G) > such that, for every Aut{G) -invariant site percolation T on G, 

Y'[v ^V]<e implies P[A^(r) > 1] > 0. 

Proof of Proposition\^ the regime of a unique infinite cluster. Assume that Up contains 
a unique infinite cluster U . We will define a site percolation configuration ^p ^ based on 
ujp and r„. Denote by dc^-, ■) the graph distance in G, and given v & V , let D{v) denote 
the neighbours of and U{v) denote the set of vertices u & U that minimises dG{v,u). 
Let ^p^n consist of all f G such that dciv, U) < n, and [jueD{v)u{v} ^('") contained in 
a connected component of \ r„. For each fixed Up, we have 

lim P[v ^ Cp,n\i^p\ -> 0, 

n—^oo 

due to ([T]) and the fact that each pair of vertices in U are at finite distance. Hence, by 
the Bounded Convergence Theorem 

lim P[v^ ^ 0. 

n—>-oo 

We conclude, via Lemma [6l that C,p,n contains an infinite cluster with positive probability 
for all large enough n. However, from construction it follows that if ^p^n contains an 
infinite cluster then IJ^g^oo U{v) is contained in the same connected component of 
Up \ r„, which has to be infinite. Hence, also N{up \ F^) > 1 has positive probability to 
occur, for the same values of n. □ 
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Proof of Proposition\^ a sketch for the regime of infinitely many infinite clusters. Sup- 
pose that p is such that uop contains infinitely many infinite clusters almost surely. Say 
that w G y is an encounter point for Up if v belongs to an infinite cluster of Up and there 
are at least three neighbours of v that belong to disjoint infinite clusters of Up \ {v}. Let 
Y denote the set of encounter points for Up. It is known that the almost sure existence 
of infinitely many infinite clusters implies that Y is almost surely non-empty |BK89] . 
Moreover, an easy mass-transport argument shows (see Lemma 4.2 in [BLPS99] ) that if 
v e y, then every infinite cluster in Up \ {v} containing some neighbour of v contains at 
least one further encounter point for Wp, almost surely. 

Construct a random forest F = {V{F), E{F)) as follows: Let V{F) = Y, and consider 
a family {x{v)}y^v of i-i-d. random variables, uniformly distributed on [0,1]. Suppose 
that f G y, and for every infinite cluster Z oi ujp \ {v} containing a neighbour of v, let 
Q{Z,v) be the set of encounter points (for Up) in Z that minimises the distance in Up to 
V. Among the vertices in Q{Z,v), let u{Z,v) denote the vertex u that minimises x{u). 
Take E{F) to be the set of all pairs {v, u{Z, v)}, where v &Y and Z is an infinite cluster 
of ujp\{v} containing some neighbour of v. From the construction, it follows that the law 
of F is Aut(G')-invariant. In addition, according to Lemma 4.2 of |BLPS99] . the degree 
of each vertex is almost surely at least 3. 

In |BLPS99] . it is shown that F is almost surely a forest. In other words, F does not 
contain any cycles. We now construct a subgraph Fn of F for n > 1. Let V{Fn) = V{F), 
and for any {u, v} G E{F), let {u, v} G E{Fn) if and only if u and v belong to the same 
connected component of ojp \ r„. 

We now proceed by contradiction. Suppose that for every n > 1, we have that Up\Tn 
contains only finite components, almost surely. For any v G V{G) let Kn{v) denote the 
set of vertices in V{Fn) that belong to the same connected component of Up \ F^ as v. 
By our assumption, Kn{v) is almost surely finite for every n > 1. Let dKn{v) denote the 
set of vertices in Fn that has some F- neighbour outside of Kn{v). Using the same mass 
transport argument as in [BLPS99] (it is in this step that the fact that F is a forest is 
used) it follows that 

V[v G y] < 2V[veY,ve dKn{v)]. (2) 

However, from ([T]) and the Bounded Convergence Theorem it follows that the right-hand 
side tends to as n — oo. But the left-hand side of ([2]) is independent of n and moreover 
strictly positive. Hence ([2]) cannot hold for large n, showing that the assumption that 
LOp \ Tn contains only almost surely finite clusters for all n is false. □ 
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